Abstract. We describe the basic Dolbealut cohomology algebra of the canonical foliation on a class of complex manifolds with a torus symmetry group. This class includes complex moment-angle manifolds, LVMand LVMB-manifolds and, in most generality, complex manifolds with a maximal holomorphic torus action. We also provide a dga model for the ordinary Dolbeault cohomology algebra. The Hodge decomposition for the basic Dolbeault cohomology is proved by reducing to the transversely Kähler (equivalently, polytopal) case using an analogoue of the construction of toric blow-up.
Introduction
Complex moment-angle manifolds Z K are non-Kähler complex-analytic manifolds with a holomorphic action of the complex algebraic torus (C × ) m [19, 20] . The action of the compact tours T m ⊂ (C × ) m on Z K is maximal in the sense that there exists x ∈ Z K such that m + dim T m x = dim Z K , where T m x is the stabiliser subgroup at x. By a classification result of Ishida [11] , any complex manifold M with a maximal torus action by holomorphic transformations can be obtained as the quotient Z K /C by an appropriate freely acting closed subgroup C ⊂ T m .
Other well-known classes of complex manifolds with maximal torus action are LVM-and LVMB-manifolds [17, 5] . The relationship between LVM-, LVMB-manifolds and moment-angle-manifolds is described in [6, 4, 11] . In short, the underlying smooth manifold of an LVMB-manifold is either a moment-angle manifold Z K , or the quotient Z K /S 1 of a moment-angle manifold by the diagonal circle action. LVM-manifolds correspond to polytopal moment-angle manifolds Z K .
A complex structure on a moment-angle manifold Z K is defined in terms of a certain complete simplicial fan Σ with underlying simplicial complex K. The manifold Z K is equipped with a canonical holomorphic foliation F h by the orbits of an action of a generally non-compact group, see the details in §4.1. When the fan Σ is rational, the foliation F h becomes a holomorphic fibre bundle over the toric variety V Σ with fibres compact complex tori.
There is an important particular case when Σ is the normal fan of a convex polytope. The corresponding moment-angle manifold Z K is called polytopal. In combinatorial terms, the underlying simplicial complex K is a starshaped sphere triangulation. A polytopal moment-angle manifold Z K can be written as a nondegenerate intersection of Hermitian quadrics [6, Chapter 6] . If Σ is a nonsingular rational fan, then the corresponding toric variety V Σ is Kähler (which is the same as being projective or symplectic) if and only if Σ is polytopal. There is a foliated version of this fact which applies in the general situation: the foliation F h is transversely Kähler if Z K is polytopal [20, Proposition 4.4] . The converse is also true [12, Theorem 5.5] , although a transversely Kähler form may exist on an open dense subset of Z K under a milder condition on the fan Σ, see [20, Theorem 4.6] .
In the polytopal case, the transversely Kähler foliations (Z K , F h ) were studied as irrational analogues of symplectic toric manifolds by several groups of authors, including Battaglia and Prato [2, 3] , Katzarkov, Lupercio, Meersseman and Verjovsky [15] , Ratiu and Zung [21] . In particular, several irrational versions of the Delzant correspondence between symplectic toric manifolds and their moment polytopes were obtained in these works. Lin and Yang [16] prove a foliated version of the Kirwan injectivity theorem for equivariant cohomology.
Battaglia and Zaffran [4] considered basic cohomology of the canonical foliation F h (in the context of LVMB-manifolds), computed the basic Betti numbers in the case when the associated fan Σ is shellable, and proved that the basic cohomology ring H * F h (Z K ) is generated by classes of degree 2 when Σ is polytopal. They conjectured that the basic cohomology ring has a description similar to the cohomology ring of a complete simplicial toric variety [4, §5 (iv)], and that the basic Hodge numbers of F h are concentrated on the diagonal [4, §5 (v) ]. The first conjecture is proved in [14] , while the question about the Hodge numbers is addressed here.
Since the foliation F h is holomorphic, a natural question arises of whether its basic cohomology admits a Hodge decomposition. We prove this fact in Theorem 4.6 here, and also show that non-trivial basic Dolbeault cohomology groups H p,q F h (Z K ) appear only on the diagonal p = q of the Hodge diamond, as in the case of Dolbeault cohomology of a complete nonsingular toric variety. This gives a positive answer to the question of Battaglia and Zaffran mentioned above. The basic Dolbeault cohomology ring H * , * F h (Z K ) is therefore fully described, see Theorem 4.7.
To establish the Hodge decomposition for the basic cohomology of (Z K , F h ) we introduce the notion of a Fujiki foliation, a foliated version of a Fujiki class C manifold, see Section 3. Namely, given a foliated momentangle manifold (Z K , F h ), we construct a holomorphic foliated submersion Z K ′ → Z K from a transversely Kähler foliated moment-angle manifold Z K ′ . This is done by considering stellar subdivions of the original fan Σ and defining an analogue of a toric blow-up at the level of moment-agle manifolds, see §4.2. Our construction allows us to reduce a general torus-invariant foliation to a trasversely Kähler (or transversely symplectic) one, and may be useful for other problems related to holomorphic foliations.
In Section 5 we extend our description of the basic Dolbeault cohomology ring to general complex manifolds with holomorphic maximal torus action (which include LVM-and LVMB-manifolds). The main result here is Theorem 5.1; its proof uses the notion of transverse equivalence and follows the approach developed in [14, §5] .
In the last section we use the basic Dolbeault cohomology ring to obtain a DGA model for the ordinary Dolbeault cohomology of a complex momentangle manifold (Theorem 6.1). This model extends the one obtained in [19, Theorem 5.4] in the case of a rational fan.
Preliminaries: holomorphic foliations on complex manifolds.
Here we review basic facts about Riemannian and holomorphic foliations, following Molino [18] and El Kacimi-Alaoui [8] .
Let F be a holomorphic foliation of complex codimension q on a compact complex manifold M . We denote by T F the complex vector bundle of tangent spaces to the leaves of F. We fix a transverse Hermitian metric, that is, a Hermitrian metric on the quotient complex vector bundle T M/T F. Using the associated transverse Riemannian metric we define the associated principal SO(2q)-bundle of transverse orthogonal oriented frames
The foliation F lifts to a foliation
The foliation F T is transversely parallelisable. That is, there are transverse vertical vector fields X 1 , . . . , X q(2q−1) and transverse horizontal vector fields Y 1 , . . . , Y q (with respect to the associated transverse Levi-Civita connection) which together generate a basis of 
Here Ω * F) ) is the algebra of real-or complex-valued basic forms for F T , and F T is the leaf closure foliation. The first isomorphism above is established in [18, Section 4.1] , and the second isomorphism is clear as F T is a fibre bundle with base W T .
Let ξ 1 , . . . , ξ q(2q−1) be the forms on
as follows. Given ω ∈ Ω * F (M ), set S(ω) to be equal to the projection of the form p * T (ω) ∧ χ onto W T . The projection is well defined, as p * T (ω) ∧ χ is a basic form with respect to F T . See [8, Section 3] for the details.
We say that a real basic form ω ∈ Ω 2q
The following lemma is implicit in [8, Section 3]:
The form S(ω) is non-negative and its restriction to
Fujiki foliations
We introduce here a class of holomorphic foliations on complex manifolds, which can be regarded as a foliated version of Fujiki class C manifolds (see [9, Lemma 4.6] ). We prove that the basic Dolbeault cohomology ring of a Fujiki foliation admits a Hodge decomposition. 
Lemma 3.2. Let f be as above. Then the induced map in Dolbeault coho
Proof. The proof bellow follows the lines of the standard argument in the non-foliated case, see e. g. [22, Lemma 7.28] .
Let s be the complex codimension of F, and let t be the complex codimension of the restriction of F ′ to a generic fibre of f . Denote by ω the transversely Kähler form on M ′ .
As f is a holomorphic submersion, there is an open subset
Let γ ∈ H 2s F (M ; R) be a nonzero top-dimensional basic cohomology class. It is represented by a positive basic form σ ∈ Ω 2s F (M ). Then f * (σ) ∧ ω t is a basic 2(s + t)-form on M ′ . As in [8, Proposition 4.9] , in order to show that the cohomology class
is nonzero it is enough to prove the following inequality:
Since ω is a transversely Kähler form on (M ′ , F ′ ), its restriction to ({x}× W, F ′ | {x}×W ) is also transversely Kähler for each x ∈ U , because the embedding ({x} × W, F ′ | {x}×W ) → (M ′ , F ′ ) is holomorphic foliated. Therefore, ω t is a positive basic form on ({x} × W, F ′ | {x}×W ). Furthermore, the restriction of f * (σ) to U × {y} ⊂ U × W is a positive basic form for any y ∈ W . It follows that f * (σ) ∧ ω t is a nonnegative basic form on (M ′ , F ′ ) which is positive when restricted to U ′ . Now (1) follows by applying Lemma 2.1.
As a consequence, we obtain that the top-degree Dolbeault cohomology map
. The rest follows by considering Serre duality for basic cohomology, see [7, Theorem 3.3.4] . Indeed, take a nonzero α ∈ H p,q F (M ; C) and its Serre dual
As an immediate consequence we obtain
Remark 3.4. Fujiki [9] introduced several equivalent conditions specifying his class C manifolds. In particular, a compact complex manifold M belongs to the class C if one of the following is satisfied:
(a) M is a holomorphic image of a compact Kähler manifold; (b) M is a meromorphic image of a compact Kähler manifold; (c) M is a bimeromorphic to a compact Kähler manifold.
The equivalence of (a) and (b) is established in [9, Lemma 4.6] , while the equivalence of (b) and (c) follows from the holomorphic Hironaka Theorem, see [9, Remark 4.4] . Neither of these arguments works in the foliated case. We therefore chose the foliated version of (a) as the definition of Fujiki foliations. We expect that the Hodge decomposition also holds for foliations satisfying the foliated version of (b). It would be also interesting to formulate a foliated version of (c) and prove the Hodge decomposition for basic cohomology in this setting. The moment-angle complex Z K corresponding to K is a topological space constructed as follows. Consider the unit m-dimensional polydisc:
where S is the boundary of the unit disk D.
The moment-angle complex is equipped with the natural action of the torus
When K is a simplicial subdivision of an (n − 1)-dimensional sphere, Z K is a topological manifold of dimension m + n, see [6, Theorem 4.1.4], called the moment-angle manifold.
We set C × = C \ {0} and for each I ⊂ [m] define
By analogy with Z K we define an open submanifold
Alternatively, U (K) can be defined as the complement of the coordinate subspace arrangement defined by K:
The manifold U (K) has a coordinate-wise action of the algebraic torus (C × ) m , in which T m is a maximal compact subgroup. Furthermore, U (K) is a toric variety with the corresponding fan given by Σ K = {R e i : i ∈ I : I ∈ K}, where e i denotes the i-th standard basis vector of R m and R A denotes the cone spanned by the elements in A.
We consider moment-angle manifolds Z K admitting a T m -invariant complex structure. The necessary and sufficient conditions for the existence of such a structure were established in [19] and [11] ; a short account is given below.
Assume that dim Z K = m + n is even; this can always be achieved by adding "ghost vertices" to K. A complex structure on Z K is defined by two pieces of data:
-a complete simplicial fan Σ = {K; a 1 , . . . , a m } in R n with underlying simplicial complex K and fixed generators a 1 , . . . , a m of onedimensional cones; -a choice of a complex structure in the kernel of the linear map
A choice of a complex structure in Ker q is equivalent to a choice of an m−n 2 -dimensional complex subspace h ⊂ C m satisfying the two conditions: (a) the composite h ֒→ C m Re −→ R m is injective;
Consider the
By [19, Theorem 3.3 ], the holomorphic action of H on U (K) is free and proper, and the complex manifold U (K)/H is T m -equivariantly homeomorphic to Z K . This defines a complex-analytic structure on any evendimensional moment-angle manifold Z K such that K is the underlying complex of a complete simplicial fan. Conversely, assume that a moment-angle manifold Z K admits a complex structure invariant under the action of T m . By [11, Theorem 7.9] , the manifold Z K is T m -equivariantly biholomorphic to the quotient U (K)/H as above. The fan Σ and the complex subspace h ⊂ C m are recovered as follows. The action of T m on Z K extends to a holomorphic action of (C × ) m on Z K , although the latter action is not effective. The global stabilizers subgroup (the noneffectivity kernel)
is a complex-analytic subgroup of (C × ) m . The Lie algebra h of H is a complex subalgebra of the Lie algebra C m of (C × ) m . By [11, Proposition 7.8], it satisfies the following:
Here we identify R m with the Lie algebra t of T m .
Now we proceed to describe the canonical holomorphic foliation on Z K . Define a real Lie subalgebra and the corresponding Lie group
The complexification r C ⊂ C m is Ker q C , where q C : C m → C n is the complexification of (2). Now define the complex (m − n)-dimensional Lie group
The restriction of the (C × ) m -action on U (K) to R C has discrete stabilisers.
We therefore obtain a holomorphic foliation of U (K) by the orbits of R C . We denote this foliation by F Σ . In more precise terms, the stabilisers of the R C -action and the leaves of the foliation F Σ can be identified as follows.
Proposition 4.1 ([20, Proposition 4.2]). For any subset I ⊂ [m]
, define the coordinate subspace C I = C e k : k ∈ I ⊂ C m and the subgroup
(a) Γ I is a discrete subgroup of C m whenever I ∈ K.
(b) A leaf R C z of the foliation F Σ is biholomorphic to
where I ∈ K is the set of zero coordinates of z ∈ U (K).
Note that the leaf through a generic point (with no vanishing coordinates) is R C ∼ = Ker q C /Γ ∅ in the notation above.
The holomorphic foliation F Σ is mapped by the quotient projection U (K) → U (K)/H to a holomorphic foliation of Z K ∼ = U (K)/H by the orbits of R C /H ∼ = R. We denote this latter foliation by F h and refer to it as the canonical holomorphic foliation of Z K .
4.2. Stellar subdivisions. Let Z K = U (K)/H be a complex momentangle manifold, where K is a simplicial complex underlying a complete ndimensional simplicial fan Σ with m generating vectors a 1 , . . . , a m .
Construction 4.2 (stellar subdivision)
. Choose a k-dimensional cone τ ∈ Σ, k > 1. We may assume without loss of generality that τ is generated by a 1 , . . . , a k , and denote the corresponding simplex by I = {1, . . . , k} ∈ K. We construct a new complete simplicial fan Σ τ with m + 1 generators a 0 = a 1 + · · · + a k , a 1 , . . . , a m and maximal cones described as follows. If σ is a maximal cone of Σ not containing τ , then σ is also a maximal cone of Σ τ . If τ ⊂ σ and σ is a maximal cone of Σ, then in Σ τ we replace σ by k maximal cones σ 1 , . . . , σ k , where σ i is obtained by replacing a i in the generator set of σ by a 0 = a 1 + · · · + a k . The fan Σ τ is called the stellar subdivision of Σ at τ . The underlying simplicial complex of Σ τ is the stellar subdivision of K at I, which we denote by K τ or st(I, K).
Construction 4.3 (analogue of toric blow-up). Here we define a holomorphic foliated submersion (U (K
, which in the case of rational fans covers the blow-down map of toric varieties. Consider projection (2) corresponding to the fan Σ τ :
We have
where Ker q ⊂ C m is a subspace of C m+1 via the inclusion C m → C m+1 on the last m coordinates. Then F Στ is the foliation of U (K τ ) by the orbits of R C τ = exp(Ker q C τ ). Now consider the holomorphic surjective map
and its exponential
(e w 0 , e w 1 , . . . , e wm ) → (e w 0 +w 1 , . . . , e w 0 +w k , e w k+1 , . . . , e wm ).
We therefore obtain a holomorphic foliated submersion
Proof. Let z = (z 0 , z 1 , . . . , z m ) ∈ U (K τ ), and let I ⊂ {0, 1, . . . , m} be the set of vanishing coordinates of z. We have I ∈ K τ . Denote by J the set of vanishing coordinates of f τ (z) ∈ C m . If 0 / ∈ I, then J = I ∈ K. If 0 ∈ I, then J = (I \ 0) ∪ {1, . . . , k} by definition of f τ , and (I \ 0) ∪ {1, . . . , k} ∈ K by definition of K τ . In either case, J ∈ K, which implies that f τ (z) ∈ U (K) and
The ϕ τ -equivariance of f τ follows by inspection. As ϕ τ (R C τ ) = R C , the map f τ takes R C τ -orbits (leaves of F Στ ) to R C -orbits (leaves of F Σ ), and therefore defines a holomorphic foliated map.
Let C m−k ⊂ C m be the coordinate subspace with the first k coordinates vanishing. Then, for any x = (0, . . . , 0, x k+1 , . . . , x m ) ∈ C m−k we have
On the other hand, the f τ -preimage of y = (y 1 , . . . , y m ) ∈ C m \ C m−k is the orbit of (1, y 1 , . . . , y m ) under the action of the one-parameter subgroup
Remark 4.5. When Σ is a rational fan, both R C ⊂ (C × ) m and R C τ ⊂ (C × ) m+1 are closed subgroups and the map f τ :
Basic Dolbeault cohomology. Here we prove the main result: Theorem 4.6. Let Z K be a complex moment-angle manifold corresponding to a complete simplicial fan Σ, and let F h be its canonical foliation. Then (Z K , F h ) is a Fujiki foliation, so there is a Hodge decomposition
Proof. First assume that Σ is polytopal. Then the canonical foliation The idea is to reduce the general case to the polytopal one by applying Lemma 3.2. We will show that (Z K , F h ) is a Fujiki foliation using stellar subdivisions and Construction 4.3.
Denote by bs k K the k-th barycentric subdivision of the simplicial complex K and by bs k Σ the corresponding complete fan. The barycentric subdivision is obtained as the composition of stellar subdivisions at all simplices of K. Namely, bs 1 K = st(I 1 , st(I 2 , . . . , st(I N , K) . . .)) where I 1 , . . . , I N are all simplices of K given in a certain order. Therefore, we obtain a holomorphic foliated submersion
where τ j is the cone corresponding to the simplex I j .
By a result of Adiprasito and Izmestiev [1, Theorem 1], there exists k ′ ∈ N such that bs k ′ Σ is a complete polytopal fan. We put Σ ′ = bs k ′ Σ, K ′ = bs k ′ K and m ′ the number of vertices of K ′ . Hence, we obtain a foliated submersion
such that Σ ′ is a polytopal fan. We may assume that (m ′ − n) is even, as otherwise we can apply one more stellar subdivision at a maximal simplex of bs k ′ K. Let q C : C m → C n and q ′C : C m ′ → C n be the linear maps corresponding to Σ and Σ ′ respectively. We may regard Ker q C as a subspace of C m ′ via the natural inclusion C m ⊂ C m ′ . Performing a single stellar subdivision at a simplex {j 1 , . . . , j a } adds to Ker q C a one-dimensional subspace generated by e 0 − e j 1 − · · · − e ja , see (3) . We therefore have
where V is the subspace generated by the vectors e 0 − e j 1 − · · · − e ja corresponding to all stellar subdivisions in the sequence.
We pick an arbitrary half-dimensional complex subspace h 0 ⊂ V such that its projection onto the real part R m ′ is injective. Then the vector space h 0 ⊕h provides a complex structure on Z K ′ . It is clear from Construction 4.3 that f maps any orbit of exp(V ) on U (K ′ ) to a single point. In follows that there is a holomorphic foliated map f Z closing the commutative diagram
Since the fan Σ ′ is polytopal, the foliation (Z K ′ , F h 0 ⊕h ) is transversely Kähler (see [12, Theorem 8.1] ) and therefore admits a Hodge decomposition with H p,q
Now both statements of the theorem follow by applying Lemma 3.2 to the map f Z .
Now the basic Dolbeault cohomology ring of Z K can described completely:
There is an isomorphism of algebras:
where I K is the Stanley-Reisner ideal of K, generated by the monomials
and J is the ideal generated by the linear forms
Proof. This follows from the description of the basic de Rham cohomology of Z K [14, Theorem 3.4] and the Hodge decomposition of Theorem 4.6.
Manifolds with maximal torus actions.
We now generalize results of the previous section to the family of complex manifolds with maximal torus action, which includes complex moment-angle manifolds as well as LVM-and LMVB-manifolds.
First, we briefly recall the notation (for more details see e.g. [11] , [14, Section 4] ). Denote by C 1 the category of complex manifolds with maximal torus action. The objects of C 1 are given by triples (M, G, y), where
• M is a compact connected complex manifold;
• G is a compact torus acting on M , the G-action preserves the complex structure on M and is maximal, i. e. there exists a point
) are defined as pairs (f, α), where α : G 1 → G 2 is a smooth homomorphism and f : M 1 → M 2 is an α-equivariant holomorphic map such that f (y 1 ) = y 2 .
As in the case of moment-angle manifolds, we may associate with any (M, G, y) ∈ C 1 a unique pair (Σ ′ , h) such that M is G-equivariantly biholomorphic to the quotient manifold V Σ ′ /H. Here Σ ′ is a fan in the Lie algebra g of G and h ⊂ g C is a complex Lie subalgebra, V Σ ′ is the toric variety corresponding to Σ ′ , and H is the subgroup of the algebraic torus
There is also a canonical holomorphic foliation F h on a manifold (M, G, y) by the orbits of the group R = exp(ir), where r = Re(h).
The image of the fan Σ ′ under the projection q : g → g/r is a complete fan. We denote Σ = q(Σ ′ ) and denote the generators of Σ by a 1 , . . . , a m . Now we are ready to generalise Theorem 4.7 to all complex manifolds with maximal torus action: 
where I K is the Stanley-Reisner ideal of K and J is the ideal generated by the linear forms 
Dolbeault cohomology of Moment-angle manifolds
A DGA model for the Dolbeault cohomology algebra of a complex moment-angle manifold can be obtained by combining the description of the basic Dolbeault cohomology (Theorem 4.7) with the recent results by Ishida and Kasuya [13] . This model is similar to the one obtained in [19, Theorem 5.4] in the case of a rational fan, although the differential here is described in less explicit terms. The choice of ω is equivalent to the choice of a T m -invariant holomorphic distribution W on Z K which is complementary to F h at each point. Let J be the complex structure on Z K , and J h the complex structure on h. 
